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Abstract
We study the (co)homology of a small category C with coe5cients in bifunctors concentrated
on two subcategories F−1(2) and F−1(0) where F : C → {0¡1¡2} is a functor. Applying
obtained formulas to the category of surjections of 7nite sets we recover some results on the
Goodwillie tower of the identity functor obtained in Arone and Mahowald, Inventiones Math.
135 (1999) 743–788 and Arone and Dwyer, Proc. London Math. Soc. 82 (2001) 229–256
and homological calculations in the theory of con7guaration spaces from Cohen, J. Pure Appl.
Algebra 100 (1995) 19–42 and Cohen and Taylor, Contemporary Math. 146 (1993) 91–109.
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0. Introduction
In recent years one could observe a quick development of our understanding of
homological algebra in the categories of functors of the type F : C→ vect where C was
some small category and vect denoted the category of vector spaces over a 7eld. This
homological algebra turned out to be fairly well computable for many categories C and
because of that was successfully used for studying problems in group (co)homology,
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Steenrod algebra, K-theory, representation theory of linear groups and other areas. In
the present paper we are going to show that this approach can be used for studying
the homological behaviour of n-modules Lie∗n in 7nite characteristic (see 2:3 for the
de7nition of Lien).
The importance of the groups H∗(n; Lie∗n ⊗Fp) comes, for example, from homotopy
theory. In Sections 3 and 4 we show that using our approach we can rediscover results
on the Goodwillie tower of the identity functor (see [1,2]) and homological calculations
in the theory of con7guaration spaces (see [8,9]). To be more precise: let Dn(X ) denote
the nth homogeneous layer of the Goodwillie tower of the identity functor evaluated
at X . It is shown in [2] that Dn(S2s+1) is nontrivial only when n = pk for some
prime number p and for such n it is p-torsion from the homotopy theoretical point of
view. The main computational ingriedient in the proof can be stated as follows: the
homology groups H∗(n; Lie∗n ⊗ Fp) are nontrivial only when n = pk . In Section 3 we
give an alternative proof of this result. We recover also the corresponding calculations
for even dimensional spheres. In Section 4 we show that our formula (2.12) applied to
a correctly choosen coe5cients calculates the homology of con7guration spaces. We
hope that our way of seeing the groups H∗(n; Lie∗n ⊗ Fp) will be fruitful in further
calculations.
Let us sketch brieNy our approach. Section 1 contains calculations of (co)homology
of a small category with special type of coe5cients. It might be of independent interest
but for us it is just a technical tool for our further computations. Let  denote the small
category of 7nite sets and surjections. We write a typical object of  as 〈n〉={1; : : : ; n}.
Let ˜ denote the category of functors from  to Fp-vector spaces. If we want to
distinguish between covariant and contravariant functors we use notation ˜l and ˜r
correspondingly. Section 2 is devoted to study homological algebra in ˜. Let M be
a Fp[k ]-module. We write M (k) for the object of ˜ whose value on 〈n〉 is trivial if
n = k and is equal to M if n = k. In the case when M was a left (right) module
we get an object of ˜l (˜r) which will be called atomic. The main result of Section
2 gives us formulas for Tor and Ext groups with coe5cients in any pair of atomic
objects. In the special case we get the isomorphism of groups H∗+1−n(n; Lie∗n ⊗ Fp)
and Tor˜∗ (Fp(1); Fp(n)⊗ Z[− 1]) where Z[− 1] denotes the sign representation of the
symmetric group. Next step is done by the Dold–Kan-type theorem of Pirashvili [13].
By this nice result we know that homological algebra in ˜ is the same as in ˜ where
˜ is the category of functors from  → Fp-vector spaces and  is the category of
7nite based sets. Moreover we get an isomorphism of Tor˜∗ (Fp(1); Fp(n) ⊗ Z[ − 1])
and Tor˜∗ (t; 
n) where t is the dual to the functor X → Fp[X ]=Fp[0] and n denotes
the nth exterior power functor composed with t∗. In Section 3 we show that in the
world of the category ˜ the fact that the groups Tor˜∗ (t; 
n) are nontrivial only when
n=pk follows trivially from the existence of the Koszul exact sequences. In Section 4
we show that our formulas for Tor-groups with coe5cients in atomic functors coming
from free n-modules give us known calculations of the homology of the con7guration
space.
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1. Homology of small categories
This section contains some preliminary observations concerning (co)homology of
small categories. We shall consider only some very particular cases which will be used
later in the paper. Let F denote the category of vector spaces over Fp. Let C be a small
category and we write Ce for Cop × C. Let U : Ce → F be a functor. Let c1\C=c2
denote the category of pairs of arrows in C; c1 → : → c2 with strictly commuting
diagrams as morphisms. We shall use the same notation for any subcategory C′ of
C : −\C′=− means that we have taken into account only pairs of arrows for which the
middle term belongs to C′. Starting directly from the de7nition of (co)homology of C
with coe5cients in U as it is given in [3] we see that
Hn(C; U ) = Hn(HomCe(C∗(B(−\C=−)); U )) = ExtnCe(Fp[MorC(:; :)]; U );
Hn(C; U ) = Hn(C∗(B(−\C=−)) ⊗Ce U ) = TorCen (Fp[MorC(:; :)]; U );
where for a given category E the complex C∗(B(E)) is equal to the singular chain
complex of the nerve of the category E over Fp. Let Con∗(c1\C′=c2) denote the cone
of the obvious morphism of chain complexes
C∗(B(c1\C′=c2)) → Fp[MorC(c1; c2)];
where the latter complex is concentrated in dimension 0 and the map takes a pair of
morphisms to their composition.
Let 2 denote the poset consisting of three elements linearly ordered {0¡ 1¡ 2}
which we shall treat as a category in the obvious way. Let F : C → 2 be a functor.
Then subcategories Ci = F−1(i) are full and disjoint for i = 0; 1; 2. The following
observation is crucial for our further applications:
1.1. Theorem. Assume that we have a functor U : Ce → F satisfying additionally
U (c0; c2) is nontrivial only when c0 ∈ C0 and c2 ∈ C2. Then
H∗(C; U ) = H∗−1(C0 × C2; Hom(Con∗(−\C1=−); U ));
H∗(C; U ) = H∗−1(C0 × C2; Con∗(−\C1=−) ⊗ U );
where
Hom(Con∗(−\C1=−); U )((c0; c2); (c′0; c′2)) = Hom(Con∗(c′0\C1=c2); U (c0; c′2)):
Proof. We write down only the cohomological case. We are interested in the homology
of the cochain complex
C∗(C; U ) = HomCe(C∗(B(−\C=−)); U ):
Let for n¿ 0
An = {x0 → x1 → · · · → xk → yk+1 → · · · → yn}
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be the set of composable morphisms in C such that xi ∈ C0; yj ∈ C2 and 0 ≤ k ¡n
and let
Bn = {x0 → · · · → xk → zk+1 → · · · → zm → ym+1 → · · · → yn+1}
be the similar set with additional conditions that zi ∈ C1 and 0 ≤ k ¡m¡n.
Observe that we have the following equivalences of cochain complexes
C∗(C0 × C2; Hom(Fp[MorC(:; :)]; U ))
 Hom(C0×C2)e(C∗(B(−\C0=−)) ⊗ C∗(B(−\C2=−)); Hom(Fp[MorC(:; :)]; U ))
=C∗+1(0;2)(C; U );
where
Cn(0;2)(C; U ) =
∏
An
U (x0; yn):
The second equality is obvious and the 7rst one comes from the fact that the complex
C∗(B(−\C0=−)) ⊗ C∗(B(−\C2=−)) is a projective resolution of Fp[MorC0×C2 (:; :)].
Similarly
C∗(C0 × C2; Hom(C∗(B(−\C1=−)); U ))
 Hom(C0×C2)e(C∗(B(−\C0=−)) ⊗ C∗(B(−\C2=−)); Hom(C∗(B(−\C1=−)); U ))
=C∗+1(0;1;2)(C; U );
where
Cn(0;1;2)(C; U ) =
∏
Bn
U (x0; yn+1):
There is an obvious cochain map (which is not simplicial!)
C∗(0;2)(C; U ) → C∗(0;1;2)(C; U )
induced by the identity on C∗(B(−\C0=−))⊗C∗(B(−\C2=−)) and the described before
chain map C∗(B(−\C1=−)) → Fp[MorC(:; :)]. Direct inspection shows that
Cone∗(C∗(0;2)(C; U ) → C∗(0;1;2)(C; U )) = C∗+1(C; U ):
On the other hand, we have
Cone∗(C∗(0;2)(C; U ) → C∗(0;1;2)(C; U )) = C∗(C0 × C2; Hom(Con∗(−\C1=−); U )):
This 7nishes the proof of the theorem.
Below we present the crucial example for our further calculations.
1.2. Example. Let F : C → 2 satisfy the conditions that C0 and C2 contain only
one element each and all endomorphisms of these are isomorphisms. Let Ob(C0) = x,
Ob(C2)=y, MorC(x; x)=A(x) and MorC(y; y)=A(y). Moreover, assume that U (s; t) =
0 only if s = x and y = t. Then we have
H∗(C; U ) = H∗−1(A(x) × A(y); Hom(Con∗(x\C1=y); U (x; y)));
H∗(C; U ) = H∗−1(A(x) × A(y); Con∗(x\C1=y) ⊗ U (y; x)):
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2. Homological algebra in ˜
2.1. De!nition. We call an object F in ˜ atomic if F(〈n〉) is nontrivial only for one
value n.
An atomic object concentrated on 〈n〉 is given by a Fp[n]-module M and we shall
denote it M (n) as was explained in the introduction. The category  is directed in the
sense that if n = k then one of the sets Mor(〈n〉; 〈k〉) and Mor(〈k〉; 〈n〉) is empty.
Because of that the category ˜ has some special properties. For example, it is easy
to see that every object there has a 7ltration with quotients being atomic. Hence in
order to study homological algebra in ˜ it is crucial to understand Tor and Ext groups
between atomic objects. We are going to calculate such groups in this section in terms
of homology groups of symmetric groups. Having two atomic objects concentrated
on 〈n〉 and 〈k〉, k ¡n we can restrict our calculations to the full subcategory of 
consisting of objects of cardinality s with k ≤ s ≤ n. Then combining Example 1.2 and
the known relation between (co)homology of a small category and “Tor” and “Ext”
groups in the category of functors (see [11, Corollary 3:11]) we get the following
formulas for the interesting groups:
Ext∗˜(M (n); N (k)) =H
∗−1(n × k; Hom(Con∗(〈n〉\n;k =〈k〉);
Hom(M (n); N (k)))); (2.2)
Tor˜∗ (M (k)
∗; N (n)) = H∗−1(n × k; Con∗(〈n〉\n;k =〈k〉) ⊗ Hom(M (k); N (n)))
where n;k is a full subcategory of  consisting of m such that k ¡m¡n.
As we see above, the homology of symmetric groups appear in the formulas but
coe5cients are still to be worked out. To carry out more precise calculations we have
to understand better the complex Con∗(〈n〉\n;k =〈k〉). We shall compare it with the
singular chain complex of the poset of partitions.
2.3. Partition complex. Let Pn denote the poset of partitions of the set 〈n〉 ordered by
re7nement (sometimes it is called a poset of equivalence relations on 〈n〉). We shall
treat posets also as categories without noti7ng that. The poset Pn contains the maximal
element {1}; : : : ; {n} and the minimal one equal to {1; : : : ; n}. For n¿ 1 let Kn denote
the full subposet of Pn obtained from Pn by removing maximal and minimal elements.
The poset Kn is spherical of dimension n− 3 (see [4]) and hence
H˜∗(Kn; Z) = Hn−3(Kn; Z): (2.4)
The group above is equipped with the natural action of n coming from the corre-
sponding action of n on 〈n〉 and hence also on Pn and Kn. If we tensor Hn−3(Kn; Z)
with the sign representation of n named Z[−1], we get the new representation of n,
denoted in [1] by Lie∗n . As was stated in the introduction, H∗(n; Lie
∗
n ) are of great
importance for homotopy theory. Let Pn(k) denote the set of partitions of 〈n〉 into k
nonempty parts. For f ∈ Mor(〈n〉; 〈k〉) let p(f) denote the partition of 〈n〉 into sets
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f−1(i) where i runs through the elements of 〈k〉. Let Kn(f) denote the subposet of
Kn of elements strictly larger than p(f). The set Mor(〈n〉; 〈k〉) comes equipped with
the action of n × k . If 0 ∈ k then p(0f) = p(f). Observe that k acts freely on
Mor(〈n〉; 〈k〉) and we have and isomorphism of n-sets Mor(〈n〉; 〈k〉)=k and Pn(k).
Let C(n; k) be the name for the category 〈n〉\n;k =〈k〉. It is a disjoint union of the
categories Cf(n; k) = {〈n〉 g→〈m〉 h→〈k〉} with h ◦ g = f. In a pair (g; h) the morphism
h is uniquely determined by g and f. Observe that there is at most one morphism
between two objects in C(n; k) and every object isomorphic to (g; h) is of the form
(0g; h0−1) for some 0 ∈ m. We can de7ne a functor
p : C(n; k) → Kn (2.5)
which takes (g; h) to p(g). We shall use the same name p for the restriction of p to
Cf(n; k). The proof of the following simple lemma is left to the reader:
2.6. Lemma. The functor p induces a homotopy equivalence
Bp : BCf(n; k) → BKn(f):
Now we can move easily our calculations further in the case when k = 1. We have
H∗(Con∗(〈n〉\n;k =〈k〉)) =H∗(Cone∗(C∗BC(n; 1) → Fp[Mor(〈n〉; 〈1〉)]))
= H˜∗(S1 ∧ BKn):
Let Dn be the name for the only non-vanishing group of C˜∗(S1 ∧ BKn). We see by
(2.4) that the homology of Con∗(〈n〉\=〈k〉) is concentrated in the dimension n − 2.
Hence from formulas (2.2) we get (for example by hiperhomology spectral sequence
argument)
Exti˜l(M (n); N (1)) = H
i+1−n(n; Hom(Dn; Hom(M;N ))); (2.7)
Tor˜i (M (1)
∗; N (n)) = Hi+1−n(n; Dn ⊗ Hom(M;N ));
where M and N are left n-modules (hence M (n) and N (1) are covariant as functors).
Correspondingly for contravariant functors we get
Exti˜r (N (n); M (1)) = H
i+1−n(n; Hom(Dn; Hom(M;N )));
Tor˜i (N (1); M (n)
∗) = Hi+1−n(n; Dn ⊗ N ⊗M∗):
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If one wants to get new proofs of some results from [1,2] then the calculations
above are su5cient. On the other hand, we promised to say something more about the
Ext and Tor-groups between arbitrary atomic objects so we have to study categories
Cf(n; k) for k = 1.
Let Af denote the isotropy subgroup of the action of n×k on Mor(〈n〉; 〈k〉) at the
point f. Let k(f) be a subgroup of k consisting of elements 0 such that f−1(i) and
(0f)−1(i) have the same cardinality. It is easy to observe that k(f) =k1 ×· · ·×km
where k1 + · · · + km = k. Moreover, the image of Af in k is equal to k(f). Direct
calculation shows that
Af = 
k1
i1  k1 × · · · × kmim  km ;
where “” stands for the semi-direct product and i1k1 + · · · + imkm = n. The projec-
tion Af → n is an isomorphism on the image (remember that k acts freely on
Mor(〈n〉; 〈k〉)). Our functor p de7ned in (2.5) is equivariant with respect to the
action of n × k where k acts trivially on Kn. Let Pn(f) denote the subposet of Pn
consisting of elements greater or equal to f. Observe that from the description of Af
we get
Pn(f) =
∏
s=1;:::;m
Pksis : (2.8)
This is obvious on the level of categories but hence it is also true for the realizations.
We get Kn(f) by deleting the maximal and minimal elements from Pn(f).
Again by (1.2) we are forced to study homological behaviour of Con∗(〈n〉\n;k =〈k〉).
We have the following chain of equivalences:
Con∗(〈n〉\n;k =〈k〉)
=Cone∗(C∗(BC(n; k)) → Fp[Mor(〈n〉; 〈k〉)])
=
⊕
f∈Mor(〈n〉;〈k〉)
Cone∗(C∗(BCf(n; k)) → Fp)

⊕
f∈Mor(〈n〉;〈k〉)
C˜∗(S1 ∧ BKn(f))
=
⊕
[f]∈Mor(〈n〉;〈k〉)=n×k
Fp[n × k ] ⊗Fp[Af] C˜∗(S1 ∧ BKn(f)):
Because of the fact that the poset Kn has Cohen–Macaulay property we know that
homology of C˜∗(S1 ∧ BKn(f)) is concentrated only in one dimension
H˜∗(S1 ∧ BKn(f)) = Hn−k−2(BKn(f)):
We want to introduce now some more notation. Let d∗(t)=C˜∗−1(S1∧BKt) for t ¿ 2,
d∗(1)=C∗(pt), d∗(2)=C∗−1(pt) and d∗(f)=C˜∗−1(S1∧BK(f)). The complexes d∗(t)
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have only one non-vanishing homology group in dimension t − 1 equal to H˜ t−3(BKt)
and H0(pt) for t = 1; 2. Denote this group by Dt . Then we have
2.9. Proposition. There is a chain equivalence of complexes
d∗(f) 
⊗
s=1;:::;m
d⊗ks∗ (is)
and we have the following homological calculation:
H˜ n−k−2(BKn(f)) =
⊗
s=1;:::;m
D⊗ksis :
Proof. We only have to use several times the following proposition from [5]:
2.10. Proposition (Bjorner and Walker [5, Proposition 4:3]). Let P1 and P2 be two
posets containing the least and the greates elements. Let TPi be the poset obtained
from Pi after removing the least and the greatest elements; i = 1; 2. Then we have
the homotopy equivalence
P1 × P2 ≈ susp( TP1 ? TP2);
where “ ? ” denotes the topological join.
2.11. Remark. The proposition above has its equivariant version, see [15, Proposition
2:5]. This is needed for the formulas below.
We can 7nish now our calculations from (2.2). We write only formulas for Tor
groups leaving Ext versions for the interested reader (cf. (2.7)).
Tor˜t (M (k)
∗; N (n))
=Ht−1(n × k; Con∗(〈n〉 \ n;k =〈k〉) ⊗ Hom(M (k); N (n)))
=
⊕
[f]∈Mor(〈n〉;〈k〉)=n×k
Ht+k−n(Af;M∗ ⊗ H˜ n−1−k(S1 ∧ BKn(f)) ⊗ N )
=
⊕
[f]∈Mor(〈n〉;〈k〉)=n×k
Ht+k−n(k1i1 Kk1 × · · · × kmim Kkm ;M∗ ⊗
⊗
s=1;:::;m
D⊗ksis ⊗ N ): (2.12)
3. Homological algebra in ˜
3.1. Cross-e*ects. Recall that  is the small category of 7nite pointed sets with a
typical object of the type [n] = {0; 1 : : : ; n} . Let T be a functor from F = ˜ such
that T ([0]) = 0. We recall now the de7nition of cross-eUects of T (for the careful
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discussion on this subject see in [13, Section 2:3] or [14]). Let X ∨ Y denote the sum
of object X and Y of . The second cross-eUect of T is de7ned as the kernel of the
obvious map T (X ∨ Y ) → T (X ) ⊕ T (Y ). The construction is natural and we get this
way a bifunctor belonging to F×. We will denote the value of it on the pair X ×Y
as T (X |Y ). In general the nth cross-eUect of the functor T is de7ned as the kernel of
the map
T (X1 ∨ X2 ∨ · · · ∨ Xn) → T (X2 ∨ · · · ∨ Xn) × · · · × T (X1 ∨ · · · ∨ Xn−1):
It will be denoted T (X1| : : : |Xn) and it is obvious that this way we get a functor from
the n-fold product of  to F. De7ne
Tk = T ([1]| : : : |[1]): (3.2)
Observe that Tk comes with the natural action of k comming from the permutation
of summands. We have the following formula (compare [13, Eq. 2:3:2]):
T ([n]) =
⊕
7
Tk ;
where the sum is taken over all pointed and order-preserving injections 7 : [k] → [n].
There is a strong relation between homological algebra in ˜ and ˜. We have a
natural functor  →  which sends 〈n〉 to [n] and extends a surjection f : 〈n〉 → 〈k〉
to Tf : [n] → [k] by the condition Tf(0) = 0. In [13] Pirashvili proved the remarkable
theorem [13, Theorem 3:1]:
3.3. Theorem. There is a functor cr : ˜ → ˜ which is an equivalence of categories.
The description of cr is simple. If T ∈ ˜ then cr(T )(〈n〉) = Tn. It is easy to see
that if f : 〈n〉 → 〈k〉 is a surjection then it sends the kernel of the corresponding map
de7ning Tn to Tk . To be precise Pirashvili proved his theorem for functors to abelian
groups but the proof works equally well in our case. Hence by (3.2) we know
Ext∗˜(F;G) = Ext
∗
˜(cr(F); cr(G));
Tor˜∗ (F;G) = Tor
˜
∗ (cr(F); cr(G)):
Recall that t is an object of ˜ which sends X to the dual of Fp[X ]=Fp[0]. Let Ff
be the category of 7nite dimensional vector spaces over Fp. We shall treat objects
T ∈ FFf as objects of ˜ by precomposing them with t∗ and we shall use the same
name T for such precompositions. Observe that (n)n =Fp[− 1](n) (cf. (3.2)) so sign
representations correspond in the sense of (3:3) to exterior powers. The contravariant
functor corresponding to Fp(1) is also easy to describe: it is just t. Hence by (2.4) and
(2.7) we get
3.4. Lemma. H∗+1−n(n;Lie∗n ⊗ Fp) = Tor˜∗ (t; n).
Proof. By (3:3) Tor˜∗ (t; 
n) = Tor˜∗ (Fp(1); Fp[ − 1](n)).
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By (2.7)
Tor˜∗ (Fp(1); Fp[ − 1](n)) =H∗+1−n(n; Dn ⊗ Fp ⊗ Fp[ − 1])
=H∗+1−n(n;Lie∗n ⊗ Fp):
3.5. Theorem. The groups H∗(n;Lie∗n ⊗ Fp) are nontrivial only when n is a power
of p.
Proof. By (3:4) it is enough to show that Tor˜∗ (t; 
n) is nontrivial only when n is
a power of p. This is easy to see in the world of the category ˜ by the following
sequences of observations:
(1) Let Sn denote the symmetric power functor Ff →F. Then n and Sn treated as
objects of FFf are related by the classical Koszul exact sequence
0 ← Sn ← Sn−1 ⊗ 1 ← · · · ← S1 ⊗ n−1 ← n ← 0:
We do not know where this sequence was written down for the 7rst time so we
refer the readers to [10], where it serves as a main tool in computations.
(2) If n is not a power of p then Sn is a direct summand in the tensor product of
functors F and G which have value 0 at 0. This is seen by simple combinatorics
and again we use [10] as a source of our knowledge (see [10, Proposition 6:1]).
(3) By [14, (4.2)] we know that Tor˜∗ (t; F ⊗ G) = 0 if F and G have value 0 at 0.
Now we can 7nish the proof by calculating Tor˜∗ -groups of t with coe5cients in
the Koszul complex (the so-called hiper-tor groups). They are trivial because Koszul
complex is exact. On the other hand when n is not a power of p then they are equal
to Tor˜∗ (t; 
n) by the hiperhomology spectral sequence.
Chapter 4.2 of [2] is devoted to studying the Goodwillie tower for the even-
dimensional spheres. When X is such a sphere it is shown that the nth homoge-
neous layer of the tower Dn(X ) is nontrivial only when n=pk or n= 2pk . The result
comes from showing that H∗(n; Dn) are nontrivial only when n is of the type de-
scribed above. But from formulas (2.7) we know that these groups are the same as
Tor˜∗ (Fp(1); Fp(n)) and by (3:3) we are again forced to study the groups Tor
˜(t; 9∗n)
where 9n has the following description. Let Bn be a functor in ˜ such that Bn(X )
equals to the Fp-vector space spanned by all subsets of X of cardinallity not exceed-
ing n. Then 9n = (Bn=Bn−1)∗ (we are following here the notation from [14]). By [14,
Proposition 1:14] we have the following Koszul type exact sequences in ˜:
0 → n → n−1 ⊗ S2 → l−2 ⊗ S4 → · · · → t∗ ⊗ S2n−2 → S2n → 9∗2n → 0;
(3.6a)
0 → n ⊗ t∗ → n−1 ⊗ S3 → · · · → S2n+1 → 9∗2n+1 → 0: (3.6b)
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3.7. Theorem. The groups H∗(n; Dn) are nontrivial only when n is a power of p or
2 times a power of p.
Proof. By our previous discussion we have to prove our statement for the groups
Tor˜(t; 9∗n) instead of H∗(n; Dn). By the classical Koszul exact sequence (or by [10,
(6.1)]) and hyperhomology spectral sequence we know that Tor˜∗ (t; Sn) are nontrivial
only when n is a power of p. Hence by (3.6b) and the observation 3 of (3:5) we get
that the groups Tor˜∗ (t; 9
∗
n) for odd n are potentially nontrivial only when n = p
k . By
the same method and (3.6a) we get easily that when n is even then Tor˜∗ (t; 9
∗
n) are the
same as Tor˜∗ (t; 
n=2) with the shift of dimension. This together with (3:5) give us the
desired result.
3.8. Remark. Sometimes one is interested in the dual situation than the one described
above. It means one wants to understand H∗(n; D∗n ) or H∗(n; Lien ⊗ Fp) and such
a need appears also in [1,2]. But we can easily get duals (in this sense) of theorems
(3:5) and (3:7). By the Ext-versions of (2.7) we get vanishing of cohomology groups
H∗(n; D∗n ) and H
∗(n; Lien⊗Fp) for n not a power of p (or its double) by the same
reasonig as for the homology. But for a 7nite group G cohomological triviality of an
Fp[G]-module M is equivalent to homological triviality.
3.9. Remark. Finally we should mention that the groups Tor˜∗ (t; 
n) are known but
these results were not published. As we know from Koszul sequences they are the
same (with a shift of dimensions) as Tor˜∗ (t; Sn). It is easily seen that Tor
˜
∗ (t; T ) are
the same as the stable derived functors in the sense of Dold and Puppe of the functor
T evaluated at Fp. On the other hand, the stable derived functors of Sn were studied
carefully and calculated long time ago by Bous7eld in the unpublished works [6,7].
4. Homology of con!guration spaces
Let now Tn :  → Set be a functor such that Tn(X )=X∧n=:n(X ) where {x1; : : : xn}∈
:n(X ) if and only if xi = xj for some i = j. Let F =Fp[Tn] :  → Fp−Mod. Then the
easy calculation shows that cr F = Fp[n](n).
Recall that the con7guration space of n points in Rd, F(Rd; n) in the notation from
[8] or [9], is equivalent to Snd\:n. Hence by the equivariant Alexander duality (see
[12, III. 4.1]) we know that the spaces F(Rd; n) and Tn(Sd) are equivariantly n dual
in Snd. This implies
H∗(F(Rd; n); Fp) = <nd−∗(F(Sd)); (4.1)
where F(Sd) means a simplicial Fp-vector space obtained from applying F degreewise
to a simplicial model of Sd. It is shown in [14, Corollary 2:5] that there exists a
spectral sequence whose abutement is <∗F(Sd) and the second table is given by the
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following equations (of course we use here also (3:3)):
E2tq = 0 if q = dk;
E2tq = Tor
˜
t (Fp[ − 1](k); cr F) if q = dk and d is odd;
E2tq = Tor
˜
t (Fp(k); cr F) if q = dk and d is even:
We can easily calculate the second table of this spectral sequence using Eq. (2.12)
(in the contravariant case). The fact that the cross-eUect cr F is free over Fp[n] makes
the group homological calculations trivial. We obtain
Tor˜t (Fp(k); Fp(n)(n)) =
⊕
[f]∈Mor(〈n〉;〈k〉)=n×k
Fp[n] ⊗Af
⊗
s=1;:::;m
D⊗ksis (4.2)
in the case when t = n− k and is equal to 0 otherwise.
Obviously we can handle the case of Fp[ − 1](k) in the similar way.
Assume now that d¿0 is even. Then
E2tq =
⊕
[f]∈Mor(〈n〉;〈k〉)=n×k
Fp[n] ⊗Af
⊗
s=1;:::;m
D⊗ksis
in the case when t = n− k and q = kd and is equal to 0 otherwise. This implies that
the spectral sequence degenerates and that
<tF(Sd) =
⊕
[f]∈Mor(〈n〉;〈k〉)=n×k
Fp[n] ⊗Af
⊗
s=1;:::;m
D⊗ksis (4.3)
in the case when t = n+ k(d− 1) and 1 ≤ k ≤ n and is equal to 0 otherwise. But this
is precisely the calculation from [8, Theorem 3:9] if one uses Eq. (4.1). In particular,
observe that for k = 1 we recover the mod(p) version of [9, Theorem 6:1]
H (n−1)(d−1)(F(Rd; n); Fp) = <n+d−1F(Sd) = Dn:
The case of odd d can be handled similarly.
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